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Residuation with a (Min-Plus) Service Curve
[BBLC18]
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Residuation with a (Min-Plus) Service Curve
[BBLC18]
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foi = fl,al BRT e

Theorem

Let t > 0. Consider a system S that arbitrarily multiplexes two
flows fi and f,, where the arrivals of f,, Ay, are constrained by «s.
Further, assume that S guarantees a min-plus service curve 3 to
the aggregate of the flows. Then, the leftover service

§(t) = p(t) — ax(t)

is a service curve for flow fi.
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flows fi and f,, where the arrivals of f,, Ay, are constrained by «.
Further, assume that S guarantees a min-plus service curve 3 to
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is a service curve for flow fi.
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Further, assume that S guarantees a min-plus service curve 3 to
the aggregate of the flows. Then, the leftover service
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is a service curve for flow fi.

m The residual service curve can potentially be negative

m The delay bound does not hold
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Residuation Under (Min-Plus) Service Process
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Residuation Under (Min-Plus) Service Process

fz—(/w—>
S
f1 = foi e

N

Theorem

Consider two arrival processes A1, Ay, that share a server with a
min-plus service process S. Further, we assume A;j to be the
arrivals of the foi and an arbitrary multiplexing between the
arrivals. Then, the foi sees a residual min-plus service process

&(s,t) = S(s,t) — Ax(s, t)

forall0 < s <'t.
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Residuation Under (Min-Plus) Service Process

Theorem

Consider two arrival processes A1, Ay, that share a server with a
min-plus service process S. Further, we assume A; to be the
arrivals of the foi and an arbitrary multiplexing between the
arrivals. Then, the foi sees a residual min-plus service process

&(s,t) = S(s,t) — Aax(s, t)
forall 0 <s <'t.

m The negativity of the service process poses a similar problem

m In SNC, we still require the server to be strict in multiple flows
scenarios
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Residuation Under (Min-Plus) Service Process
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Residuation Under (Min-Plus) Service Process

m How does one deal with "lazyness” of the service?
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Residuation Under (Min-Plus) Service Process

m How does one deal with "lazyness” of the service?

m One needs some sort of guarantee on the incoming traffic
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Stochastic Minimum Arrival Guarantees

Stochastic Minimum Arrival Guarantees
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Generalized Delay Bound

m Guarantee a minimal amount of traffic in the system
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Generalized Delay Bound

m Guarantee a minimal amount of traffic in the system
m Achieved through the assumption of a minimal arrival curve o

m Leverage this information to derive a new delay bound

Theorem

Let an arrival process A traverse a system S. Further, let the
arrivals be constrained by maximal arrival curve & € .7:3 and

minimal arrival curve o € ]-"g , and let the system offer a service
curve & € ]-"10. The virtual delay d(t) satisfies for all t > 0

d(t) < h(a,&) vV z(a, §).
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Generalized Delay Bound

m Guarantee a minimal amount of traffic in the system
m Achieved through the assumption of a minimal arrival curve o

m Leverage this information to derive a new delay bound

Theorem

Let an arrival process A traverse a system S. Further, let the
arrivals be constrained by maximal arrival curve o € .7-"3 and

minimal arrival curve o € Fj, and let the system offer a service
curve § € }'10. The virtual delay d(t) satisfies for all t > 0

d(t) < h(a,&) vV z(a, §).

m For proof details, please refer to [HCS24]
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Generalized Delay Bound

Theorem

Let an arrival process A traverse a system S. Further, let the
arrivals be constrained by maximal arrival curve & € .7:3 and
minimal arrival curve o € Fy, and let the system offer a service
curve € € ]-"10. The virtual delay d(t) satisfies for all t > 0

d(t) < h(a,&) V z(a, §).

data

time
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Generalized Delay Bound

Theorem

Let an arrival process A traverse a system S. Further, let the
arrivals be constrained by maximal arrival curve & € .7:3 and
minimal arrival curve o € Fy, and let the system offer a service
curve € € ]-"10. The virtual delay d(t) satisfies for all t > 0

d(t) < h(a,&) V z(a, §).
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Generalized Delay Bound

Theorem

Let an arrival process A traverse a system S. Further, let the
arrivals be constrained by maximal arrival curve & € fg and
minimal arrival curve o € Fy, and let the system offer a service
curve & € ]-"10. The virtual delay d(t) satisfies for all t > 0

d(t) < h(a,&) V z(a, §).

o

data

T, T T+T,
time
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Generalized Delay Bound

Theorem

Let an arrival process A traverse a system S. Further, let the
arrivals be constrained by maximal arrival curve & € fg and
minimal arrival curve o € Fy, and let the system offer a service
curve & € ]-"10. The virtual delay d(t) satisfies for all t > 0

d(t) < h(a,&) V z(a, §).

[45

hag) %

z(a.§)

data

T, T T+T,
time
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Generalized Delay Bound

MEAFTER DAGSTUHL

JENS: DO IT IN SNG
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Minimal Guarantees as the Laplace Transform

m Similar idea as in [HCS24]
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Minimal Guarantees as the Laplace Transform

m Similar idea as in [HCS24]
m Guarantee a minimal amount of incoming traffic

m It is represented through the Laplace Transform of the arrival
process
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Minimal Guarantees as the Laplace Transform

m Similar idea as in [HCS24]

m Guarantee a minimal amount of incoming traffic

m It is represented through the Laplace Transform of the arrival
process

Definition

An arrival process A(s, t) is (o4, pa)-bounded for § > 0 if for all
0<s<t

PaGs.)(—0) = E[e‘““’t)} < e 0Pa(=0)(t=5)H00A(~0)
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Minimal Guarantees as the Laplace Transform

An arrival process A(s, t) is (o4, pa)-bounded for 6 > 0 if for all
0<s<t

bas.)(—0) = E[e‘aA(s’t)} < e 0PA(=0)(t=5)+074(~0)

m In contrast to MGF, we need no extra assumptions
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Minimal Guarantees as the Laplace Transform

An arrival process A(s, t) is (0, pa)-bounded for 6 > 0 if for all
0<s<t

¢A(s,t)(_0) = E[G_QA(S’t)} < e_epé(_e)'(f—s)ﬂL@UA(—@)’

m In contrast to MGF, we need no extra assumptions

m A nontrivial Laplace Transform always exists

discok A Get out of Residuation Jail Free Card

S.7/19



Generalized Sample Path Bounds: Backlog

m The sample path backlog bound remains unchanged
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Generalized Sample Path Bounds: Backlog

m The sample path backlog bound remains unchanged

Theorem

Consider a flow with arrival process A(s, t) traversing a server with
min-plus service process £(s, t). The backlog at time t > 0 is
upper bounded by

q(t) <A@ g(t, 1)
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Generalized Sample Path Bounds: Delay

m The sample path delay bound needs to be generalized
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Generalized Sample Path Bounds: Delay

m The sample path delay bound needs to be generalized

m Observe the similarities between both DNC and SNC delay
bounds
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Generalized Sample Path Bounds: Delay

Theorem

Let an arrival process A traverse a system S. Further, let the
arrivals be constrained by maximal arrival curve & € Fg and

minimal arrival curve o € F, and let the system offer a service
curve € € ]-"10. The virtual delay d(t) satisfies for all t > 0

d(t) < h(a,&) V z(a, §).
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Generalized Sample Path Bounds: Delay

Theorem

Consider a flow with arrival process A(s, t) traversing a server with
min-plus service process (s, t).

The virtual delay at time t > 0 is upper bounded by

d(t) <inf{s>0: A0&(t+s,t) <0 AND
ARE(t, t +s) > 0},

x®y(t, t + u) = infeyi<r<eru{x(t,7) + y(7,t + u)} and
X®y(t + u, t) = SupOSTSt {X(Ta t) 7 }/('T, t+ U)}
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Stochastically Generalized Delay Bound

Theorem

Let 6 > 0. Suppose we have an arrival process A that is

(04, pa)-bounded as well as (o, pa)-lower-bounded and a service
process £ that is (o¢, pg)-bounded. Additionally, we require the
arrivals and the service to be independent. Further, we assume
stability condition

pa(f) < pe(—0).
Let T > 0. For the virtual delay, it holds for all t > 0 that

P(d(t) > T) < Standard + Penalty.
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Stochastically Generalized Delay Bound

Theorem

Let 0 > 0. Suppose we have an arrival process A that is
(oa, pa)-bounded as well as (O‘A, PA) -lower-bounded and a service
process & that is (o¢, p¢)-bounded. Additionally, we require the
arrivals and the service to be independent. Further, we assume
stability condition

pa(0) < pe(—0).

Let T > 0. For the virtual delay, it holds for all t > 0 that

P(d(t)>T)

<0 (-O)T goe(=0) (eeaA(e) 1

1 eO(/)A(())fpg(f()))

_l’_
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Stochastically Generalized Delay Bound

m How high is the penalty?
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Stochastically Generalized Delay Bound
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Applications
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Toy Example (D/M/1)

m We set the arrival rate A = 1 and the delay at 4
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Toy Example (D/M/1)

m We set the arrival rate A = 1 and the delay at 4

10°

—e— correct analysis
1071

-
S}
4

Violation Probability

01 02 03 04 05 06 07 08 09
Utilization
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Toy Example (D/M/1)

m We set the arrival rate A = 1 and the delay at 4

107!
1073
105
1077
107°

10—11

Violation Probability

10—13

10—15
—e— correct analysis

10-17 —e— mp-neglecting analysis

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization
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Toy Example (D/M/1)

m We set the arrival rate A = 1 and the delay at 4

Violation Probability
=
o
o

10—11
B 10—13
10—15
—e— correct analysis
10-17 —e— mp-neglecting analysis

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization

m The bounds are converging from 30% utilization onward
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Toy Example (Penalty vs. Standard)
m We set A =1 and the delay at 4

107! —e— penalty term
10-3 —e— standard term

107°

Violation Probability
=
o
o

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization
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Toy Example (Penalty vs. Standard)
m We set A =1 and the delay at 4

107! —e— penalty term
—e— standard term
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-
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L
g

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization

m The standard term rises rapidly
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Toy

Example (Penalty vs. Standard)
m We set A =1 and the delay at 4
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Violation Probability
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-
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization

m The standard term rises rapidly

m Our bound decreases with utilization
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Toy Example (Penalty vs. Standard)
m We set A =1 and the delay at 4
107! —e— penalty term
10-3 —e— standard term
2 107°
% 1077
S
& 107°
£ 10m
'E 10713
10715
10—17
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization
m The standard term rises rapidly
m Our bound decreases with utilization
m Higher utilization leads to tighter minimum arrival guarantees
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Conclusion

m Extended SNC to support a broader class of service processes
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Conclusion

Extended SNC to support a broader class of service processes

Generalized delay bounds by leveraging minimum arrival
guarantees

Released the strictness requirement in multiple flow scenarios

Laplace bounds come for free in this framework

Additionally, derived new Laplace bounds for
Markov-modulated arrival processes
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Question Time
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Question Time
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Laplace Bound for Markov-Modulated Arrival
Processes

Theorem

Assume a Markov-modulated arrival process A with the finite state
space S. The Markov chain is described by its state space S and
transition matrix T = [t;] such that t; > 0 for all i,j € S. We
define the increments of the arrival process a(t) = Xy (y)(t), where
Xi(t),i € S, is an i.i.d. process with existing MGF, and denote by
E € Diag(S) the matrix with entries

E = Ej == E[e%(t) | Y, =] for all states i € S. Then it holds
that the Laplace transform of A is (o, p)-bounded with

1 Maxkes Xk 1
—9) = | E ) — . 7
o(=0) g8 <<r}1€asx ) Minkes Xk sp(ET))

p(~0) = — 5 1og (sp(ET))

where X is a positive eigenvector of ET.
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Numerical Evaluation of MM Truncated Normal
Arrivals (MMTN)

m MMTN arrival processes offer modelling flexibility

m The parameters of MMTN are set as 4 = 0.5,0 = 1 and
t11 = 0.8, tpp = 0.2

m Target delay is fixed at 10

e

1077 —e— new analysis
—e— SOTA

10719
10731
10—43
10755
10767
10—79

Violation Probability

10—91
107103

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization
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Numerical Evaluation of MM Truncated Normal
Arrivals (MMTN)

m MMTN arrival processes offer modelling flexibility

m The parameters of MMTN are set as 4 = 0.5,0 = 1 and
t11 = 0.8, tpp = 0.2

m Target delay is fixed at 10

e

1077 —e— new analysis
—e— SOTA

10719
10731
10—43
10755
10767
10—79

Violation Probability

10—91
107103

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Utilization

m The new bounds increase more gradually
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