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Nancy.Expressions

A library for computation of Deterministic Network Calculus expressions
Design and implementation by Andrea Trasacco for his M.Sc. Thesis

Presented at VALUETOOLS 2024 (proceedings pending) as
Nancy.Expressions: Towards a CAS for DNC — A. Trasacco, R. Zippo, G. Stea

Packages, code, documentation already available on Nuget and GitHub
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A simple problem, using Nancy

(61— ans(6:— (@3 +an @ p))i)] msus

)y data

var left = Curve.Subtraction(betal, alphal)
. ToNonNegative()
. ToUpperNonDecreasing();

J |

var tmp = Curve.Addition(alpha3, alpha4)

.Deconvolution(beta3); _ T
var right = Curve.Subtraction(beta4, tmp) ] 1 EnEE
. ToNonNegative() o o
.ToUpperNonDecreasing(); B —
- ot P
var conv = Curve.Convolution(left, right); L_ﬁ/' }
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A simple problem, using Nancy

(61— ans(6:— (@3 +an @ p))i)] msus

—_—

var left = Curve.Subtraction(betal, alphal) Some undesirable things:

. ToNonNegative() 1. Debugging using only the resulting
. ToUpperNonDecreasing(); curve, not how are they computed
—_ 2. Code is computation strategy
var tmp = Curve.Addition(alpha3, alpha4) Trade-off between readability/simplicity
.Deconvolution(beta3); ) and clever optimizations
var right = Curve.Subtraction(beta4, tmp) ] 3. Some models have options, like

. optimizable parameters
. ToNonNegative() 4. The above problems scale with program

.ToUpperNonDecreasing(); complexity — we usually compose
studies on networks

| |

var conv = Curve.Convolution(left, right);
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The same problem, using Nancy.Expressions

N\

(61— ans(6:— (@3 +an @ p))i)] msus

J/

—_—

var left = Expressions.Subtraction(betal, alphal) 0(1)
. ToNonNegative() Only constructs the
. ToUpperNonDecreasing(); expression tree

—

var tmp = Expressions.Addition(alpha3, alpha4) (@ ©
.Deconvolution(beta3); () ©
var right = Expressions.Subtraction(betad4, tmp) (-) (=)
. ToNonNegative() O
. ToUpperNonDecreasing(); ) @

var conv = Expressions.Convolution(left, right);

—_—

var result = conv.Compute(); -« All computations happen here
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Nice-to-haves

1. Debugging using only the resulting curve, not how are they computed

Can print out the expression and its result, separately

var subLeft = Expressions.Subtraction(betal, alphal)

. ToUpperionDecreasing( )

.ToNonNegative();
var deconv = Expressions.Addition(alpha3, alpha4).Deconvolution(beta3);
var subRight = Expressions.Subtraction(beta4, deconv)

. ToUpperhonDecreasing( )

. ToNonNegative();
var e2eServiceCurve2exp = Expressions.Convolution(subLeft, subRight),;
display(e2eServiceCurve2Exp);

[37] v 0.1s

[(B1 — )] ® [(Bs — (a3 + ) @ Ba3))]{
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Nice-to-haves

2. Code is computation strategy. Trade-off between readability and optimizations

In Nancy.Expressions, most of the program builds the expressions to be computed

We can implement many optimizations as transformations or alternative
Compute() algorithms

Only the last part of the program needs to be altered to take advantage of these

Examples in the second part of the presentation
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Nice-to-haves

3. Some models have options, like optimizable parameters

Expressions can be transformed by replacing sub-expressions

ﬁf—[ﬁ—

var delta_theta_@ = Expressions.FromCurve(new
DelayServiceCurve(0));

var b_theta_© = Expressions.Subtraction(
beta,
Expressions.Addition(contendingFlows)
.Convolution(delta theta 0))
.ToNonNegative()
.Minimum(delta _theta 0);

var wcd @ = Expressions.HorizontalDeviation(foi,
b_theta 0).Compute();

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025

FIFO residual s.c. [BBL18]
VO > 0,57 isas.c.

var delta theta 1 = Expressions.FromCurve(new
DelayServiceCurve(1l));

var b _theta 1 = b_theta 0.ReplaceByValue(
delta theta 0, delta theta 1);

2,9 *r 709

J#i

var wcd 1 = Expressions.HorizontalDeviation(foi,
b _theta 1).Compute();

nancy.unipi.it



Nice-to-haves

4. The problems scale with program complexity — we compose network studies

We converted a tool using Nancy (from NPBA repo) to Nancy.Expressions.

It was straightforward, requiring little understanding of the underlying logic

// Using Nancy // Using Nancy.Ezpressions
public static MakePeriodicWorstCaseArrivalCurve(Flow flow) public StaticMakePeriodicWorstCaseArrivalCurve (Flow flow)
//Theorem 1 //Theorem 1
{ {
var linkSpeed = flow.Path[0].LinkSpeed; var linkSpeed = flow.Path[0].LinkSpeed;
var m = flow.MaxIntervalFrame * flow.MaxFrameSize * 8; var m = flow.MaxIntervalFrame * flow.MaxFrameSize * 8;
var linkSpeedCurve = new SigmaRhoArrivalCurve(0, linkSpeed); var linkSpeedCurve = new SigmaRhoArrivalCurve(0, linkSpeed);
var stair = new StairCurve(m, flow.ClassMeasurementInterval); var stair = new StairCurve(m, flow.ClassMeasurementInterval);
return Convolution(stair, linkSpeedCurve); return Cm Convolution(stair, linkSpeedCurve
} $"th_lstair{flow.Namel}", $"linkspeed{flow.Path[0].Namel}"D ;
}
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Nice-to-haves

4. The problems scale with program complexity — we compose network studies

We converted a tool using Nancy (from NPBA repo) to Nancy.Expressions.

It was straightforward, requiring little understanding of the underlying logic

hdev(((linkspeedFC-FS A th_lbrflow®) + (linkspeedFC-FS a th_lbrflowl) + (linkspeedFC-FS A th_1lbrflow2) +
(linkspeedFC-FS A th_lbrflow3) + (linkspeedFC-FS a th_lbrflow4) + (linkspeedFC-FS a th_lbrflow5) +
(linkspeedFC-FS a th_lbrflowé) + (linkspeedFC-FS a th_lbrflow7) + (linkspeedFC-FS a th_lbrflow8) +
(linkspeedFC-FS A th_lbrflow9)), minscAFC-FS) + hdev(((shaperAFC-FS a ((((linkspeedFC-FS a th_1lbrflowd) +
(linkspeedFC-FS A th_lbrflowl) + (linkspeedFC-FS a th_lbrflow2) + (linkspeedFC-FS a th_lbrflow3) +
(linkspeedFC-FS n th_lbrflow4) + (linkspeedFC-FS a th_lbrflow5) + (linkspeedFC-FS a th_lbrflowé) +
(linkspeedFC-FS A th_lbrflow7) + (linkspeedFC-FS A th_lbrflow8) + (linkspeedFC-FS a th_lbrflow9)) ® maxscAFC-FS)
@ minscAFC-FS))), minscAFS-BS) hdev(((shaperAFS-BS a ((((shaperAFC-FS A ((((linkspeedFC-FS A th_1lbrflow0) +
(linkspeedFC-FS A th_lbrflowl) (linkspeedFC-FS A th_lbrflow2) + (LlinkspeedFC-FS a th_lbrflow3) +
(linkspeedFC-FS a th_lbrflow4) (linkspeedFC-FS a th_lbrflow5) + (linkspeedFC-FS a th_lbrflowé) +
(linkspeedFC-FS A th_lbrflow7) (linkspeedFC-FS A th_lbrflow8) + (linkspeedFC-FS A th_1lbrflow%)) ® maxscAFC-FS)
@ minscAFC-FS))) ® maxscAFS5-BS) @ minscAFS-BS)) + (shaperAHU-BS a ((((linkspeedHU-BS a th_lbrflowl®) +
(linkspeedHU-BS A th_lbrflowll) + (linkspeedHU-BS A th_1brflowl2) + (linkspeedHU-BS A th_lbrflowl3) +
(linkspeedHU-BS a th_lbrflowl4) + (linkspeedHU-BS A th_ibrflowl5) + (linkspeedHU-BS a th_lbrflowlé) +
(linkspeedHU-BS a th_lbrflowl7) + (linkspeedHU-BS a th_ibrflowl8) + (linkspeedHU-BS a th_lbrflowl9)) @
maxscAHU-BS) @ minscAHU-BS))), minscABS-RU)

+ o+ o+

+
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Optimizing with
Nancy.Expressions

A few use cases and the road ahead




Nice-to-haves

2. Code is computation strategy. Trade-off between readability and optimizations

In Nancy.Expressions, most of the program builds the expressions to be computed
We can implement many optimizations as transformations or alternative Compute() algorithms
Only the last part of the program needs to be altered to take advantage of these

Equivalences Computation Scheduling Alternative Algorithms
Transform expressions for speed Take the computation path that Different Compute() algorithms to
of computation takes the least get the same result
ged’ "@ ( 8, Té)( TEE T Wj+1)) ® b 5 e e o s B

v £
fRf=f
¢ E10

ﬁEqIZ('® ,31')@. ® Bi @ Bit1 + Wiga.

18.08 28.69 39.30 49.90 60.51 71.12 81.73 92.34  102.95

0 5 10 15 20
time|
Computation time (seconds)
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Optimizing with Equivalences

Many results in literature simplify expressions into easier-to-compute ones

Instead of doing it with pen-and-paper, Nancy.Expressions allows to automate it

Example from literature [BJLLO6, ZS23], involving O(n?) convolutions

n—1
Bl = ® (61 ®(53 ® Bi+1 + W3+1)) R Bn

=1 Jj=1

The convolution  is commutative and associative,and f @ f = f
So in [BJLLO6, ZS23], this was manually optimized into O (n) convolutions

= ( ® ]81) ® ,Bz X ,Bz—|—1 + W‘z—l—l
1=1...m 1=1

n—1
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Optimizing with Equivalences

Equivalence objects represent these properties — including their hypotheses

We can use them iteratively to simplify expressions

do
{

previous = expression; ) _
expression = previous.ApplyEquivalence(equivalence);
} while (expression != previous);

Scales well in instances where optimizations are hard to spot or apply
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Optimizing with Equivalences

We benchmarked a simple program implementing the intuitive O(n?) expression

Average Execution Time Average Memory Allocation
mmm Nancy mmm Nancy
40000.0 mm NancyExpressions 3000.0 1 mmm NancyExpressions
mm NaneyExpressionEquivalence mmm NancyExpressionEquivalence
35000.0
2500.0
@
= 30000.0 s
E S 20000
@ 25000.0 =t
£ ©
= 3
5 20000.0 = 15000
3 z
9 5]
¢ 150000 £
[} @ 1000.0
=
10000.0
500.0
5000.0
0.0 0.0
. . .
(a) Average execution time. (b) Average memory allocation.

Fig. 4: Average execution time and memory allocation of the end-to-end service curve
of a flow-controlled network with n nodes.
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Optimizing with computation scheduling

This result was explored by Antonio A. Salvalaggio in his B.Sc. thesis

Presented as Improving (min,+) Convolutions by Heuristic Operation Reordering at
JWRTC @RTNS24, won JRWRTC Best Paper Award

1. Associative and commutative operations yield the same result regardless of
order of computation

2. But the computation time may not be the same
This work focused on (min,+) convolution and considered only its commutativity

f1 @ P2 ® B3 @ Pa

T

((ﬁl ® :82) ® :83) ® :84 ((Bl ® ﬁél-) ® BS) ® BZ ((BZ ® BS) ® ﬁél-) ® Bl
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Optimizing with computation scheduling

We studied convolutions of 6 operands, comparing the computation time of all permutations

If left to chance, we may wastea 35
lot of computation time

w
o

Goal: seek a “good” order

= N N
(@ o (S

Number of permutations

=
o

0 il ~ | S

W 18.08 28.69 39.30 49.90 60.51 71.12 81.73 92.34 @

Computation time (seconds)
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Optimizing with computation scheduling

B shortest between longest + shortest-first

35 B median of medians + shortest-first

We experimented with combining
heuristics for first-pair and next-curve
selection

w
o

N
i

N
o

The resulting algorithm can pick an order
of computations that is “to the left” of
the distribution

=
w

Number of permutations

—
o

Better than random ordering, with little 5.
overhead

7.47 18.08 28.69 39.30 49.90 60.51 71.12 81.73 92.34 102.95
Computation time (seconds)

Current work is aiming to generalize this approach to consider associativity as well
The key are the heuristics used to predict cost and explore the options
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Optimizing with Compute() algorithms

Before the call to Compute(), the program builds the expression tree object with
all the necessary data

We can use this to use different strategies — like Finitary RTC
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Finitary RTC in Nancy.Expressions

Finitary RTC was discussed in a series of papers [GY13, LBS16, LBSGY17]
Can be applied to hdev() and vdev() expressions, under some hypotheses

Generalized as an expression-based algorithm by lacopo Canetta in his M.Sc. thesis

Main problem: period explosion in large studies

T
I

Period explosion @
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Finitary RTC in Nancy.Expressions

Finitary RTC was discussed in a series of papers [GY13, LBS16, LBSGY17]

Can be applied to hdev() and vdev() expressions, under some hypotheses
Generalized as an expression-based algorithm by lacopo Canetta in his M.Sc. thesis
Main problem: period explosion in large studies

Core idea: bound the domain of interest, removing the unused periodic parts

20

15

10

data
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Finitary RTC in Nancy.Expressions

Finitary RTC was discussed in a series of papers [GY13, LBS16, LBSGY17]

Can be applied to hdev() and vdev() expressions, under some hypotheses
Generalized as an expression-based algorithm by lacopo Canetta in his M.Sc. thesis
Main problem: period explosion in large studies

Core idea: bound the domain of interest, removing the unused periodic parts

N7

——s
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Finitary RTC in Nancy.Expressions

A 4-step algorithm:

1. Replace each operand with UA approximations

Top-down phase
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Finitary RTC in Nancy.Expressions

A 4-step algorithm:
1. Replace each operand with UA approximations
2. Compute bound on hdev —say Ky 400

Bottom-up phase
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Finitary RTC in Nancy.Expressions

A 4-step algorithm:
1. Replace each operand with UA approximations
2. Compute bound on hdev —say K}, jep J

3. Propagate to find per-operand bounds —say Kg , Ky, --.
> Replace each operand with its finite cut, e.g. a; = al([O, Kal]) @

Top-down phase
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Finitary RTC in Nancy.Expressions

A 4-step algorithm:
1. Replace each operand with UA approximations
2. Compute bound on hdev —say Ky 400
3. Propagate to find per-operand bounds —say Kg , Ky, --.
> Replace each operand with its finite cut, e.g. a; = al([O, Kal])

4. Run the computation on finite cuts
> Same result, no period explosion

Bottom-up phase
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Finitary RTC in Nancy.Expressions

Exploiting this is problematic: you need to rewrite a great deal of code

var (clAlphal, clalpnal,clBetal, clBetal) =

var (clAlphall Cuve , clAlphal Cuve ,clBetall Cuve , clBetsl Cuve) =
Gpe.ComputerGpc(alphalCutl, alphalCutl, hetalCutl, betalfutl):

Console.Writeline("Conputed £1°);

var c2Alphall Cune = Bpc.ComputeAlphall(c1ALphal, beta2Cutll, beta2Cutl);
var c2Betall = Bpe. ConputeBetall(c1Alphal, beta2Cutl);

var c2Betal Cuve = Gpe.ConputeBetal(clAlphal, beta2Cutl):
Console.WriteLine("Computed £27);

var c3Betal Cuve = Gpe.ComputeBetal(c2Alphal, beta3CutL);
Console.WriteLine("Computed C37);

e  c4Betall Cuve | c4Betal Curve ) =

var (ciklphall Cuve , c4Alphal o
Gpe.Computerkpc(alpha2Cutl, alpha2Cutl, clBetall, clBetal):

Console.Writeline("Conputed £4%);

var cSAlphall Cune = Bpc.ComputeAlphall(céAlphall, c2Betall, c2Betal);
= Bpe. Conputeetall (c4Alphal, c2Betal);
= Bpe. ConputeBetal (c4Alphall, c2Betal);

var ciBetall £

var cSBetal ©
Console.WriteLine("Computed C57);

var céBetal Cuve = Gpe.ComputeBetal(cSAlphall, c3Betal);
Console.WriteLine("Computed C67);

var (c7Alphall Cuve , c7Alphal Cunve ,c7Betall Cume , c7Betal Cune ) =
Gpe.Computerkpc(alpha3Cutl, alpha3Cutl, céBetall, cdBetal):
Console.Writeline("Conputed £7°);

var cBAlphall Cune = Bpc.ComputeAlphall(c7ALphall, c5Betall, cSBetal);
= Bpe. ConputeRetal(c7ALphal, cSBetal);
= Bpe. Conputeetal (c7ALphall, cSBetal);

var cBetall
var cBetal
Console.Writeline("Computed £87);

var c9Betal Cuve = Gpe.ComputeBetal(c8Alphall, céBetal);
Console.WriteLine("Computed C97);

Gpc.ComputeAlphall(alphaaCutl, c7Betall, c7Betal);

var cl0Alphal ©
Console.Writeline("Conputed C107);

var cllAlphal < Bpc. ComputeAlphall(c10Alphall, cBBetall, cBBetal);
Console.Writeline("Computed £117);

srel = Curve.horizontalleviation(alpha4Cutll, ciBetal);
= Curve.Horizontalleviation(c1BAlphall, c8Betal);
= Curve.Horizontalleviation(cl1Alphal, c9Betal);

var delayld
var delayll
var delayl?

Nancy, without F-RTC, 35 lines of code
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var (c1Alphaliny, ciAlphalini, ciBetaliny, clfetatint) =
pc.ComputerGpc(alphaliiny, slphaitint, betalliny, betailini);

Console.uriteLine Lar

var (c2Alphalinl, c2Alphalinl, c2Betaliny, c28etalinl) =
Goc.ComputerGpe(c1Alphal in, c1Alphalint, beta2lin, beta2tinl);

Console.kritetine("Conput

var e3Betalin - Goc.ComputeSetsy(c2Alphalint, betadlint);
var c3Betalinl = Gpc.ComputeSetal (c2Alphaliny, betasLinl);
Console.kriteLine("Conp

var (c4alphaliny, caalphalint,ceBetaliny, c4Betalinl) =
Gpc. ComputenGpc(alpha2iiny, alpha2linl, clBetsliny, ciBetalinl);

Console.kriteline("Computed L C4")

ar (cSAlphalinl, cSalphalinl, cSBetaliny, cSBetalinl) =
Gpc.ComputenGpc(caalphal iny, calphalint, c2Betaliny, c2Betatinl);

Console.kritetine("Conguted L C5

var coBetalini = Gpc.ComputeBetab(cSalghalint, c3Betatinl);
var coBetalinl - Goc.ComputeSetal(cSAlohaliny, c3Betslinl);
Console.britetine(" Les');

nL,e7Betatiny, c7Betalint
, alphastint, caBetaliny, caBetalinl);

var (c7Alphaliny, c74lpha
Gpc. ComputerGpc(alphastiny

Console.hriteLine("Conp:

var (cBAlphaliny, cBAlphalinl,cBBetaliny, csBetalinl) =
Gpc.ComputerGpe(cTAlphaliny, cTAlphalint, cSBetaliny, cSBetalinl);

Consale.uritetine(” L

coBetaLin - Gpc.ComputeSetati(c8Alphalint, céBetalinl);

var coBetalinl = Gpc.ComputeBetal (cBAlphaliny, ceBetalinl);

Console.hriteLine("Computed L C

c16Alphalinl = Goc.ComputeAlphati(alphadLiny, c7Betaliny, c78
€10AlphaLin = Gpc.ComputeAlphal (alphadlind, c7Betalinl, cTBe

ed L €10°);

Console.kriteLine( Con

var c13Alphalin = Gpc.ComputeAlphal(c18Alphaliny, cBBetaliny, cBBetatint);
var c11A1phalint = Goc.ComputeAlphal (c18a1phalint, c88etaliny, céBetalinl);
“Computed L €117);

Console.kritatine(

KC18Betalot, KC10B0TaINL) = Goc.FinstaryScundartes
0, CTRetalint,
ralnl), Rational.Max(kaCLl, KCLIAphalnt ),

Ty, KC1BAIGhAT
, alphaciini, <7

var (kc10al

RCORIASTNY, RCIALGASINL, KCOBSTITny, KCOBOTAINL) = Gc.FinttaryBountarlos
lphatint, cobetsiin, coBetaiin,
2);

var (KEBALSSTAU, KCBALGRSTAL, KCOBSTalnd, KCBBGTaInL) = GC.FinitaryBountarias
(c7alphating, <7alovatint, cspetaiiny, csbetaiint,
Kcoatphalng,
var (CTAlpnaTnu, KCTALENAINL, b ny, KCTBetalnl) = Goc.FinttaryBoundaries
el

Algratni aatio e,

\caalphatny,

var (kCOALghaTny, KCBALghaTnL, KCOBetalnd, KCOBetanl) = Goc.FinitaryBoundaries
38 3gotaiind.

nancy.unipi.it

v (kCSAlphalny, kCSAlphalnl, kCSBetalny, kCsBetalnl) = Gpc.FinitaryBoundaries
(cdAlphaLiny, caAlphaini, c2Betaliny, c2Betalink,

kCAlphaln, kCsAlphaInl, kC8BetaInl, kCSBetalnl);

(kCaAlphalnU, kCéAlphalnl, kC4BetanU, kC4Betalnl) = Gpe.FinitaryBoundsries
(alpha2Lin, alpha2linl, clBetalinl, clBetalini,
kesalphalny, kesalphalnt, kc7Betalnu, ke7eetalnl);

var

ar (kC3alphalnl, kC3Alphalnl, kC3Betalny, kC3BetaInl) = Gpe.FinitaryBoundaries

(c2AlphaLiny, c2Alphalint, betaLiny, betadLini,
Ratlonal.Zero, Rational.Zero, kC6Betalny, kCsBetaInl);

(kC2Alphalny, kC2Alphalni, kC2BetaIny, kC2Betalnl) = Gpe.FinitaryBoundsries
(clalphalini, clalphalini, beta2liny, beta2lint,
ke3alphalny, kcaalphalnt, kcsBetalnu, kesetalnl);

var

(kC1Alphalnl, kC1Alphalni, kC1Betaln, kC1Betalnl) = Gpc.FinitaryBoundaries
(alphailinu, alphaiiini, betallinu, betailial,
KCZAlphalnl, kCZAlphalnl, kCaBetalnl, kC4Betalnl);

var slphalCutll = alphal.UpperCurve.FinitaryCurve(kC1Alphalnt);
var alpha2Cutl = alpha2.UpperCurve.FinitaryCurve (kC4Alphalnl);
var alpha3Cuty - alpha3.uppercurve. FinitaryCurve(KC7alphalny);
var alphalCutL = alphal.lowerCurve.FinitaryCurve(kC1AlphalnL);
var alpha2Cutl = alpha2.lowerCurve.FinitaryCurve(kC4Alphalnl);
var slphaiCutl = alpha3.LowerCurve.FinitaryCurve(kc7alphainl);

var kall = Rational.Max(kaC18, kC18Alphaln);
var slphadCutll = alphad.UpperCurve. FinitaryCurve(kdl);

var beTalCuty - betal.UpperCurve.FinitaryCurve(kC1Betalny
var beta2Cutll - beta2.UpperCurve.FinitaryCurve(kC2Betalny
var betalCutl = betal.lowerCurve.FinitaryCurve(kC18etalnl
var bETaICUTL = betal.LowerCurve.FinitaryCurve(kc28etalnl);
var betaCutL - beta3.lowerCurve.FinitaryCurve(kC3Betalnl);

COALPhATNL, Rational Max(KbCL1, KC11BStalny), Rational.Max(KOC11, KCISBetalnt))s

KelaBetaTny), Ratdonal Max(KnC10, KC1BBetalnt))

Nancy, with F-RTC, 139 lines of code

Gpe.ComputerGoc(alohalCutl, alphalCutl, betslCutl, betalCutl);
Console.lriteline( "Computed C1°);

var ¢2A1phal = Gpe.ComputeAlphall(clAlphal, betaCutl, bets2Cutl);
var c2Betall = Gpc.ComputeBetal(clAlphal, beta2Cutl);

var c2Betal = Gpc.ComputeBetal(clAlphal, beta2Cutl);
Console.uWritaline( Computed C2°);

var c3Betal = Gpc.ComputeBetal (c2Alphall, betadCutl);
Console.lriteline( "Computad €3");

var (c4Alphall, c4Alphal,céBetall, céBetal) =
Gpc.ComputerGpc(alpha2Cutl, alpha2Cutl, clBetal, clBetal);
Console.lriteline( "Computed C4");

var cS5Alphall = Gpe.ComputeAlphal(céAlohal, c2Betall, c2Betal);
var csBetall = Gpe.ComputeBetal(c4Alphal, c2Betal);

var cSBetal = Gpc.ComputeBetal(c4Alphall, c2Betal);
Console.uWritaline( Computed C5°);

var c6Betal = Gpc.ComputeBetal (cSAlphall, c3Betal);
Console.uriteline( "Computad C6");

var (c7Alphall, c7Alphal,c7Betall, c7Betal) =
Gpc.ComputerGpe (alpha3CutU, alpha3Cutl, c4Betal, c4Betal);

Console.WriteLine( Computed C7");

var c8Alphall = Gpe.ComputeAlphal(c7Alphall, cSBetal, cSBetal);
var c¢8Betall = Gpc.ComputeBetal(c7Alphal, cSBetall);

var cBBetal = Gpc.ComputeBetal (c7Alphal, cSBetal);
Console.WriteLine( "Computed C8");

var c9Betal = Gpc.ComputeBetal (cBAlphal, cGBetal);
Console.WriteLine( Computed €9");

var c18Alphall = Gpc.ComputeAlphal(alphadCutl, c7Betal, c78etal);
Console.WriteLine( Computed C107);

var c11Alphall = Gpc.ComputeAlphal(c10Alphal, cBBetall, c8Betal);
Console.WriteLine( "Computed C117);

var delayl® = Curve.HorizontalDeviation(alphadCutU, c7Betal);
var delayll = Curve.HorizontalDeviation(c10Alphal, c8Betal);
var delayl2 = Curve.HorizontalDeviation(c11Alphal, c9Betal);
var delay = delayl® + delayll + delayl2;
Console.Writeline($"The delay is: {delay}");




Finitary RTC in Nancy.Expressions

With the expression-based algorithm and Nancy.Expressions, this is now free

var (c1ALphall Cunetpression , c1Alphal clBetall Cuvebpression , clBetal Cunebxpression ) =
GpcExpressionComponent. BpeCurveExpression(alphall, alphall, betall, betall);
Console.WriteLine("Computed C17);

var c2ALphall CuveEspression = GpoExpressionComponent. ALphalExpression(clAlphall, beta2l, beta2l);
var c2Betal © GpeExpressionComponent .BetallExpression(c1Alphal, beta2l);
ver c2Betal © o = GpcExpressilonComponent.BetalExpression(clAlphal, beta2l);

Console.WriteLine("Conputed C2°);

var c3Betal Curvebx = GpeExpressionComponent . Betal Expression(c24lphall, beta3L);
Console.WriteLine("Computed C3°);

var result = delayExpression.Compute();

GpeExpressionComponent . BpeCurveExpression(alpha2ll, alphall, clBetall, clBetal);
Console.WriteLine("Computed C47);

var cSALphall Curvet = BpcExpressionComponent. ALphalExpression(céAlphall, c2Betall, c2Betal);
var c5Betal © = GpeExpressionComponent . BetalExpression(cdAlphal, c2Betall);

var cSBetal Curvebx = GpeExpressionComponent. BetalExpression(cdAlphal, c2Betal);
Console.Writeline(*Conputed [5°);

var céBetal Cuvebi = GpeExpressionComponent . Betal Expression(cSAlphall, c3Betal);
l d l E . C F o o . Console.WriteLine("Computed C67);

var result = de ayexpression. ompute 1n1tary 5

var (c7ALphall Cunetxpression , c7Alphal , cTBetall . c7Betal © o) =
GpeExpressionComponent . BpeCurveExpression(alphadl, alphall, cdBetall, cdBetal);

Console.WriteLine(*Conputed C7°);
var cBALphall Cuvebspression = GpcExpressionComponent. ALphsUExpression(c7Alphall, cSBetall, c5Betal);
var c8Betal = GpeExpressionComponent . BetalExpression(cTAlphal, cSBetall);
var cBBetal Curvebis = GpeExpressionComponent. BetalExpression(c7Alphal, cSBetal);

Console.WriteLine("Conputed C8");

var c9Betal Curvebi = GpeExpressionComponent . Betal Expression(cBAlphall, céBetal);
Console.WriteLine(*Conputed C9°);

var c10ALphall Cunvetxpression = BpcExpressionComponent.AlphalExpression(alphadll, c7Betall, c78etal);
Console.Writeline(~Computed C107);

var cl1Alphall © sssbn = GpeExpressionCosponent.AlphaUExpression(c104lphall, c8Betall, c8Betal);
Console.Writeline("Computed C117);

ver delayl0 = new HorizontalDeviationExpression(alphadll, RignEes cTBetal);

ver delayll = new HorizontalDevistionExpression(clOALphal, Rigntexern cegetal);

var delayl? = new HorizontalDevistionExpression(cllAlphall, Rig coetal);

var delay = delayld.ComputeFinitary() + delayll.ComputeFinitary() + delayl2.ComputeFinitary();

Nancy.Expressions, 35 lines of code

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it




Finitary RTC in Nancy.Expressions

Now that it is easy to use —is it always worth it?
No.
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Finitary RTC in Nancy.Expressions

Now that it is easy to use —is it always worth it?

No. The finite prefix from F-RTC may be larger than the minimal representation
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Finitary RTC in Nancy.Expressions

Now that it is easy to use —is it always worth it?
No. The finite prefix from F-RTC may be larger than the minimal representation

Increasing the burst or the rate utilizations are easy ways to find examples where
plain UPP curves are much faster — using Nancy optimizations like super-isospeed

Next goal: find heuristic to transparently apply the best method

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it



Nancy.Expressions

A library for computation of Deterministic Network Calculus expressions
Open-source, written in C#, extends the existing Nancy library

While Nancy implements operators, Nancy.Expressions generalizes it to expressions
> Build, visualize and manipulate expressions before computing them
> Apply equivalences to simplify expressions
o Use different computation algorithms without rewriting the entire program

For Teaching For Research For Applications

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it



Nancy.Expressions

Developer experience
Writing and debugging analysis tool is improved thanks to the focus on
expressions, that remove a lot of noise from the program structure

State of the art accessibility
Results from literature like theorems, properties and compute algorithms can be
coded in and re-used much more easily

New paths for optimizations
Our experiments with the above showed many trade-off instances

There is much room to research heuristics to improve runtime and make harder or
more accurate studies feasible

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it
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Equivalences and cut-through properties

An important part of applying an equivalence is testing its hypotheses
Example: knowing that f is subadditive, we can simplify f Q f = f
To test subadditivity, we need to verify that f & f = f

Recall that f may be an expression

n—1 n—1
Bt = ® (51’ ®(53’ ® Bj+1 + Wj—|—1)) ® Bn

5qu = ( ® JB'E,) & ® Bi @ Biv1 + Wixq.
1=1...n

1=1...n—1
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Equivalences and cut-through properties

Core idea: while testing properties, many computations can be skipped if the
results in literature are cleverly used

@ The convolution is (surely) subadditive if its operands are

The subadditive closure is subadditive
The sum is (surely) subadditive if its operands are
e G Token-bucket arrival curves are subadditive

@ @ So we can conclude this expression is subadditive without

computing it and its self-convolution

(yrl,bl + yrz,bz) X i Nancy.Expressions is designed to take advantage of these
inferences avoiding unnecessary computations

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it



Optimizing with Equivalences - Syntax

In code Using an ad-hoc syntax

var equivalence = new Equivalence( {
leftSideExpression: Expressions.Convolution(
Expressions.Placeholder("f"),
Expressions.Placeholder("g")),

f in U subadditive;

g in U zero-at-zero;

rightSideExpression: Expressions.Placeholder("f") f <= g;
) . :
equivalence.AddHypothesis("f", £ => f.IsSubAdditive); f * g well-defined;
equivalence.AddHypothesis("g", g => g.IsZeroAtZero); }==>Ff *g=+F

equivalence.AddHypothesis(

"f", "g", (CurveExpression f, CurveExpression g) => f <= g);
equivalence.AddHypothesis(

£, "g", (f, g) => f.Convolution(g).IsWellDefined);

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it



Optimizing with Equivalences - Limitations

In its current state, application is automated but manually triggered.

The user is expected to know which equivalences may help

A valuable goal of this is to transparently apply known equivalences to optimize

This is a non-trivial, with different challenges
o What is the cost of looking for matches and verifying the hypotheses?

° What is the time saved by using the equivalence?
° What about substitutions that enable other equivalences?
> How should we limit the exploration overhead vs. the computation time?

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it



Optimizing with computation scheduling - insights

The difference comes from wasted computations

Nancy can minimize the result after a computation, but also uses optimizations
that skip unnecessary ones before

A “good path” has good intermediate operations that avoid useless computations
that are later discarded

Addressing associativity is more complicated, but has several advantages
> Alarger search space should include lower minima
o Can exploit parallelization on multicore systems
> Can be mixed with other results, e.g. convolutions of convex/concave/subadditive functions

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it



An abstraction hierarchy

Abstraction Level Possible optimizations _

DNC and system model How the system model is expressed Your analysis tool, ?7?
into curves, e.g. a strict service
curve can be replaced by its
superadditive closure.

(min,+) and (max,+) expressions Use algebraic properties to Nancy.Expressions, NC Maude?
compute the expression faster

(min,+) and (max,+) operations Use algebraic properties to Nancy, RTC toolbox
compute the operation faster

Raffaele Zippo - Nancy.Expressions - WoNeCa 2025 nancy.unipi.it
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